STRUCTURE OF THE EXTENDED SCHRODINGER-VIRASORO 

LIE ALGEBRA sh* 

SHOULAN GAO, CUIPO JIANG^ AND YUFENG PEI 

Abstract. In this paper, we study the derivations, the central extensions and the 
automorphism group of the extended Schrodinger-Virasoro Lie algebra so, introduced 
by J. Unterberger [25] in the context of two-dimensional conformal field theory and 
statistical physics. Moreover, we show that so is an infinite-dimensional complete Lie 
algebra and the universal central extension of so in the category of Leibniz algebras 
is the same as that in the category of Lie algebras. 



1. Introduction 

The Schrodinger-Virasoro Lie algebra so, originally introduced by M. Henkel in [8] 
during his study on the invariance of the free Schrodinger equation, is a vector space 
over the complex field C with a basis {L„, M„, ^„+i | n G Z} and the Lie brackets: 

2 — <fji 

[Lm, Ln] = {n- m)Lm+n, [Lm, = uMm+n, [Lm, >^„+l] = (n ^ )Y^^^_^l, 

2 ^ ^ 

[M„, M„] = 0, , y;+i] = (m - n)M„+„+i, [Mm, = o, 

for all 171,11 E 'Z. It is easy to see that so is a semi-direct product of the centerless 
Virasoro algebra (Witt algebra) QJito = ^^n, which can be regarded as the Lie al- 

gebra that consists of derivations on the Laurent polynomial ring [14|, and the two-step 
nilpotent infinite-dimensional Lie algebra f) = ©mez^^m+i ©mez^-^m, which con- 
tains the Schrodinger Lie algebra s spanned by {L_i, Lq, Li,Y_i,Yi, Mq}. Clearly s is 
isomorphic to the semi-direct product of the Lie algebra s[(2) and the three-dimensional 
nilpotent Heisenberg Lie algebra {Y_i, Yi, Mq). The structure and representation the- 
ory of so have been extensively studied by C. Roger and J. Unterberger. We refer the 
reader to [22] for more details. Recently, in order to investigate vertex representations 
of so, J. Unterberger [25] introduced a class of new infinite-dimensional Lie algebras so 
called the extended Schrodinger-Virasoro algebra (see section 2), which can be viewed 
as an extension of so by a conformal current with conformal weight 1. 
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In this paper, we give a complete description of the derivations, the central extensions 
and the automorphisms for the extended Schrodinger-Virasoro Lie algebra so. The 
paper is organized as follows: 

In section 2, we show that the center of SD is zero and all derivations of SD are inner 
derivations, i.e., H^(st),3t)) = 0, which implies that so is a complete Lie algebra. Recall 
that a Lie algebra is called complete if its center is zero and all derivations are inner, 
which was originally introduced by N. Jacobson in [10]. Over the past decades, much 
progress has been obtained on the theory of complete Lie algebras ( see for example 
[131 [26], [20] ) . Note that since the center of is non-zero and dim H^(so,sti) = 3, SD is 
not a complete Lie algebra. 

In section 3, we determine the universal central extension of so. The universal 
covering algebra so contains the twisted Heisenberg-Virasoro Lie algebra, which plays 
an important role in the representation theory of toroidal Lie algebras [21 [3l [TH [21] , as 
a subalgebra. Furthermore, in section 4, we show that there is no non-zero symmetric 
invariant bilinear form on SO, which implies the universal central extension of so in the 
category of Leibniz algebras is the same as that in the category of Lie algebras [9]. 

Finally in section 5, we give the automorphism groups of so and its universal covering 
algebra so, which are isomorphic. 

Throughout the paper, we denote by Z and C* the set of integers and the set of 
non-zero complex numbers respectively, and all the vector spaces are assumed over the 
complex field C. 

2. The Derivation Algebra of so 

Definition 2.1. The extended Schrodinger-Virasoro Lie algebra so is a vector space 
spanned by a basis M„, A^„, Y^_^i \ n Eli} with the following brackets 

[Lm, Ln] = {n-m)Lm+n, [Mm, = 0, [Nm, iVn] = 0, , F„+i] = {m-u) M^+n+l, 

]^ — 

[Lm, Mn] = nMm+n, [Lm, N^] = uNm+n, [Lm, >^„+l] = {n -\ )Y^^.^^i, 

for all m, n G Z. 

It is clear that so is a perfect Lie algebra, i.e., [so, so] = so , which is finitely 
generated with a set of generators {-L-2, -Z^-i, Li, L2, Ni, Yi }. 

Define a -Z-grading on SO by 

deg{Ln) = n, deg{Mn) = n, deg{Nn) = n, degiY^^i) = n + ^, 
for all n G Z. Then 

jiez nez nez 
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where sti„ = span{Ln, Mn, N^} and = span{Y^^i} for all n E Z. 

Definition 2.2. ([5J) Let G be a commutative group, Q = @ Qg a G-graded Lie algebra. 
A Q-module V is called G-graded, if 

Definition 2.3. ([5]) Let q be a Lie algebra and V a Q-module. A linear map 
D : — > V is called a derivation, if for any x,y E g, we have 

D[x,y] = x.D{y) - y.D{x). 

If there exists some v eV such that D : x ^ x.v, then D is called an inner derivation. 

Let be a Lie algebra, V a module of g. Denote by Der{Q, V) the vector space of 
all derivations, Inn{Q, V) the vector space of all inner derivations. Set 

H\g,V) = Der{g,V)/Inn{Q,V). 

Denote by Der{g) the derivation algebra of g, Inn{g) the vector space of all inner 
derivations of g. We will prove that all the derivations of so are inner derivations. 
By Proposition 1.1 in [5], we have the following lemma. 

Lemma 2.4. 

Der{sh) = ^ Der{sh)^, 
where Der(sD)^(sti™) C gp m+n for all m,n E 'Z. 

□ 

Lemma 2.5. H\sho,sh^) = 0, G Z\ {0}. 

Proof. We have to prove 

H\shQ,shn) = 0, Vn e Z \ {0}, 
H\sho,sh^+i) = 0, WnEZ. 
(1) For m 7^ 0, let V9 : sDq — ^ sOm be a derivation. Assume that 

(f{Lo) = aiLm + &iM„ + CiN^, 

<f{No) = a3L„, + b^iMm + CsNm, 
where Oj, bi,Ci E C,i = 1, 2, 3. Since 

<f[Lo,Mo] = [f{Lo),Mo] + [Lo,if{Mo)], 

we have 

a2mLm + {b2m + 2ci)Mm + C2mNm = 0. 
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So 02 — 0,ci — —-b2m, C2 — and (^(Mq) = Since 



(/?[Lo, A^o] = HLo), No] + [Lo, ipiNo)], 

we have 

a^mL^ + {h^m - 26i)M^ + c^mN^ = 0. 
Then 03 = 0, 61 = -63m, C3 = and ip{Nq) — h^M^. Therefore, we get 

(X 1 1 

Let X„ = — L„ + -hMm - 77^2 -^m, we have 
m 2 2 

(/^(Lo) = [Lo, X^], (^(Mo) = [Mo, X^], ip{No) = [No, X^]. 
Then ip e /nn(50o, Sfm)- Therefore, 

H\sho,shm) ^0, VmeZ\{0}. 
(2) For all m e Z, let (/? : sDo — -Sf m+i be a derivation. Assume that 
(^(Lo) = aF^+i, (^(Mo)=6F„+i, (^(iVo) = cF^+i, 
for some a, 6, c e C. Because </?[-Lo, Mq] = [</?(Lo), Mq] + [Lq, (/^(Mo)], we have 

0= [Lo,^(Mo)] = [Lo,bY^^] = b{m + ^)Y^^. 
So 6 = and ip(Mo) = 0. Since ip[Lo, No] = [ip(Lo), Nq] + [Lq, ip(No)], we have 

= [aY^^,No\ + [Lo, cF^+i] = (c(m + ^) - ajF^+i . 
Then a = c(m + |). Hence, we get 

ip{Lo)^c{m+^)Y^^, (^(Mo) = 0, (^(TVo) = cF^+i. 
Letting X^_^_i = cY^_^i, we obtain 

(^(Lo) = [Lo,X„+i], (^(Mo) = [Mo,X^+|], (^(7Vo) = [iVo,X, 
Then (/? e 7nn(5tio, S0^_,_i ). Therefore, 

i/^(5l)o,st'^+i) = 0, V m e Z. 

Lemma 2.6. ifomjo(j(iOi2:, SDn) = for all m,n E Z, m n. 



1 . 



□ 
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Proof. Let / G H omg-^^^sxi in. , SV ^) , where m ^ n. Then for any Eq G sOo,-Es G 
we have 

/([Eo,%]) = [i^^o, /(%)]. 
Then /([Lo,%]) = [Lo, /(%)], i.e., 

-/(%) = [Lo,/(%)] = -/(%). 
So we have f{Em.) = for all m ^ n. Therefore, we have / = 0. 

By Lemma [2.5112.61 and Proposition 1.2 in [5], we have the following Lemma. 
Lemma 2.7. Der(st)) = Der(st))o + Inn{sh). 

Lemma 2.8. For any D G Z^er(50)o, i/iere exzsi some a, 6, c G C snc/i i/iai 

D = ad{aLo - |Mo + (6 - ^)No). 
Therefore, Der(5D)o C Inn{sv). 

Proof. For any G Der{sv)o, assume that for all m G Z, 

where a™, fo^+i g C, = 1,2,3. For any Em. G SD^, -E^ G SO^, we have 

D[E:n,En] = [D{E:n),En\ + 
In particular, L)[Lo,%] = [D(Lo),%] + [Lq, Then 

-L>(E^) = [D(Lo),%] + yZ^(%). 

So 

[D(Lo),%] =0. 

Since [D{Lq), Li] = 0, [-D(Lo), Mq] = and [i5(Lo), A^o] = 0, we can deduce that 

So ^(Lo) = 0. Because D[Mo,Lm] = [D{Mo),Lm] + [Mo,D(Lm)], we have 

a^imLm - 2a^Mm = 0. 

Then 

«2i = 0, = 0, D(Mo) = a°2Mo + a^giVo. 
By the fact that D[Mo, N^] = [D{Mo), Nm] + [Mq, D{Nra)], we have 
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Therefore, 

^21 ~ '^22 ~ '^22 ~^ '^33; '^23 ~ ^■ 

Then 

a°3 = 0, D(M„) = a™M„ = (a°2 + a™3)M^. 
Since ^[Aro,^^] = [D{No),Lra] + [No,D{Lra)], we have 

al^niLm + 2a^Mm = 0. 
Then Og^m = 0, 2a^ = for all m G Z. Therefore, 

^31 = 0, 0^2 = 0, D(iVo) = aO^Mo. 
According to D[Nm,N^] = [D{Nj,Nn] + [Nm,D{Nn)], we obtain 
{a^^n - al^m)Nrn+n + 2«2 - a'^2)Mm+n = 0. 
Then a^n = a^^iin, = '^32 m, n G Z. Hence, we have 

«31 = «32 = «32' V m G Z. 

By the following two relations 

Z}[L^,L„] = [D{Lm),Ln] + [L™,D(L„)], 

we have 

It is easy to see that a^™ = — for all m G Z. Let n = 1 in (12.21) . then 

a™+i = + aii, m ^ 1. 
By induction on m G Z"*" and m > 3, we have 

a^^ = + (m - 2)aii, m > 3. 
Let m = 4,n = —2 in (12.21) . then we have = 2a\^. Therefore, 

= ma};^, V m G Z. 
Since /^[L„,M„] = [D(L„),M„] + [L^,D(M„)] and 

^[L^, Ar„] = [Z}(L„),iV„] + [L^,D(Ar„)], 

we get 

a^+" = maji + 022, 7^ 0, 

03]^ (m + = a3]^(n — m), a^"*"" = ma};^ + 033, n 7^ 0. 
Then we can deduce that 

4i = 0, a^3+^ = mail + 43- 
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Note = 0, then = 033. Therefore, 

= mall, '^22 — '^22 + rnali, V m G Z. 
Because D[Lm,Y^^i] = [D{L,n),Y^^i] + [Lm,D{Y^^)], we have 

^m+n+i _ ^^1^ + , n + 0. 

Let m = 1, then 
By dsn), we get 

a°2 + + n + l)a}i = m ^ n. (2.4) 

Let m = 0, n = 1 in (12.41) . then we have 

«22 + «n = 2&i 

Let n = in (12. 4p . then we obtain 6™+^ = + maj;^ for all m G Z. Set 

aj;;^ = a,b2 = b, 033 = c, then = 26 — a and 

D{Lm) = maLm, D{Mm) = (2& — a + ma)Mm, 

D{Nm) = cMm + maNm, D{Y„^^) = (6 + ma)Y^^, 
for all m G Z. Then we can deduce that 



D = ad{aLo - ^Mo + (6 - |)iVo) 



□ 



From the above lemmas, we obtain the following theorem. 
Theorem 2.9. Der(so) = Inn^sh), i.e., H^(st),st)) = 0. 
Lemma 2.10. C(st)) = {0}, where C(st)) zs t/ie center of sit. 
Proof. For any E'^ G SO^, we have 

It forces X G sOq, for any x G C(st)), since [Lq, x] = 0. Let x = gLq + bN^ + cMq, where 
a,b,c E C. Then 

[x, Li] = [aLo + bNo + cMq, Li] = [aLo, Li] = aLi = 0. 

So a = 0. By the following relations, 

[x, Yi] = [bNo + cMo, Yi] = [bNo, Yi] = bYi = 0, 

[x,No] = [cMo,No] = -2cMo = 0, 
we have 6 = and c = 0. Therefore, x = 0. □ 

By Lemma 12.101 and Theorem 13.11 we have 
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Corollary 2.11. so is an infinite- dimensional complete Lie algebra. 

3. The Universal Central Extension of so 

In this section, we discuss the structure of the universal central extension of so. 
Let us first recall some basic concepts. Let be a Lie algebra. A bilinear function 

• ^ — ^ C is called a 2-cocycle on g if for all x,y, z G Q, the following two 
conditions are satisfied: 

i'{[x,y],z) + 'ilj{[y,z\,x) +^lj{\z,x\,y) = 0. (3.1) 
For any linear function / : g — > C, one can define a 2-cocycle ipf as follows 

i'fix, y) = fi[x, y]), y x,y e g. 

Such a 2-cocycle is called a 2-coboudary on g. Denote by C^(g, C) the vector space of 
2-cocycles on g, B'^{g,C) the vector space of 2-coboundaries on g. Then the quotient 
space H'^{g, C) = C^(g, C)/B'^{g, C) is called the second cohomology group of g. 

Theorem 3.1. dimH^{shX) = 3. 

Proof. Let : so x so — > C be a 2-cocycle on SO. Let / : SO — > C be a linear function 
defined by 

/(Lo) = - Jv5(^i, ^-i), f{Lm) = —'fiLo, Lm), m 7^ 0, 
2 m 

f{Mo) = M_i), f{Mm) = -^{Lo, MJ, m ^ 0, 

m 

f{No) = -v{Li, iV_i), f{Nm) = -f{Lo, N^),m^ 0, 

m 

f{Y^^) = -^V{L,, ), V m G Z. 

Let Tp = {p~ipf, where v^/ is the 2-coboundary induced by /, then 

Tp{x,y) = ip{x,y) - f{\x,y]), Va;,?/Gs'o. 

By the known result on the central extension of the classical Witt algebra ( see ^ or 
[T5] ), we have 

Ln) = aSm+n,o{m^ -m), \f m,n e Z, a e C. 
By the fact that (f{[Lo, Lj^^Mn) + ^{[L^n, Lq) + V5([M„, Lq], L^) = 0, we get 

(m + n)ip{Lm, Mn) = mp^Lo, Mm+n)- 

So 

Tl 

if{Lm,Mn) = — </^(Lo,M^+„), m + n^O. (3.2) 

m + n 

Then it is easy to deduce that 

^(L^,M„)=0, m + n^O. 
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Furthermore, 

Tp{Lm, M_m) = (fiLra, M_m) + mf{Mo) = ip{L^, M_m) - mLp{Li, M_i). (3.3) 
Similarly, denote Tp{Lmi N_m) = c{m) for all m G Z, then we have 

oc(m), (f{Lm, N^m) = '■piLm, A^-m) " rrnp{Li, N^i). (3.4) 
By (E]), ^{[Lo, Lm], r„+i) + <^([L„, Lq) + v{[Y^+i, Lo],Lj = 0, so 

(m + n + -)<^(L„, ) = {n + -^—)ip{Lo, r„+„+i). 
Then for all m, n G Z, we get 

(^(L„,y;+i) = ^— ^-Y<^(Lo,r^+„+i). 

2 _|_ ^ _|_ i ^ ^2 

Consequently, we have 

lp{Lm, ^n+i) = m,n eZ. 

From the relation that 

^([iVo, r ) + ^([F^+i , r ^„i], iVo) + ^([r „_i , iVo], >;.+i) = O, m G z, 

we have 

v{Y^^,Y_^_i) = {m + ^MNo,Mo), m G Z. (3.5) 

By m, ¥^([L„,yp_,i],i;+.) + ^([v.,y;+i],L^) + ^([y^+.,L^],yp+.) = o, then 

for all m,p, q, G Z. Let m = — p — q — 1, then for all p,q E Z, we have 

(p+l+^)^(r ^_i,Vi) + (p-g)^(M,+,+i,L_p_,_0-(g+l+^)^(rp_i,Vi^ 

(3.6) 

Using (13.51) . we get 

(^(L_p_,_i, Mp+,+i) = ^±|±i<^(iVo, Mo), p ^ g. (3.7) 

Letting p = — 2, g = in (13. 7p . we have 

v;(Li,M_i) = -iy,(iVo,Mo) = -y.(ri,F i). (3.8) 

^ 2 2 

It follows from (jXS]) and ([X7D that 

</.(y„+i,F^_i) = -(2m + l)¥p(Li,M_i), m G Z, (3.9) 

(^(L^,M_„) = -m(^(ri,r_i) = m(^(Li,M_i), m G Z. (3.10) 
By f l3.3p and (I3.1UI) . we have Tp{Lm, M_m) = for all m G Z. Therefore, 

Tpi^Lm, Mn) = 0, V m, n G Z. 
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According to (EJl), ip{[Lm, Ln], iV_„,_„)+(y9([L„, iV„„_„], [iV_„_„, L„) = 0, 

then we have 

(n - m)(f{Lm+n, N_m-n) - (m + n)Lp{N_m, Lm) + (m + n)ip{N_n, Ln) = 0. 
By dH, we get 

{n — m)c{m + n) + [m + n)c{m) = (m + n)c{n). (3-11) 

Let ra = 1 in (I3.1ip and note c(0) = c(l) = 0, then we obtain 

(m - l)c(m + 1) = (m + l)c(m). (3.12) 

Let n = 1 — m in (13. lip , then 

c(m) = c(l — m), V m G Z. 

By induction on m, we deduce that c(— 1) = c(2) determines all c(m) for m G Z. On 
the other hand, c(m) = — m is a solution of equation (13.121) . So 

c(m) = /3(m^ — m), /3 G C, 

is the general solution of equation (13.121) . Therefore, 

i^{Lm,Nn) = Sm+nfiP{m^ - m), V m, n G Z, ^ G C. (3.13) 

By (13. ip . we have 

^([M„ ) + ^([F„+i , M,) + ^([y„^|, MJ, r^^i ) = 0. 

Then (m— n)(y9(Mm_|_„+i, Mp) = 0. Let m+n+1 = q, then we have {2m+l—q)ip{Mg, Mp) = 0. 
This means that 

(^(Mp,M,)=0, Vp,gGZ. 

Therefore, we have 

lp{M^, Mn) = ^{Mm, M„) = 0, V m, n G Z. (3.14) 
By (EH), ^([Lo, M„], Ar„) + (^([M^, Ar„], Lq) + (p([Ar„, Lq], M„) = 0, we have 

(m + n)^(M„, Ar„) = -2y;(Lo, M^+„). (3.15) 
Then for m + n ^ 0, we have 

^(M^, iV„) = if {Mm, Nr.) + -^—<f{Lo, M^+„) = 0. 

m + n 

On the other hand, 

Tp{Mm, Ar_„) = ip{Mm, N.rn) + 2/(Mo) = </^(M^, A^.^) - 2^(Li, M_i). 

BJm,v{[Np,Ym^],Y,^)+^{[Ym^,Y^^],Np)+y,{[^^^^^^ 

^^(Vm+i. ^n+i) + ("^ - n)(^(M„+„+i, A/p) - <^(Fp+„+i , r„+i) = 0. 

Let n = —m — p — 1, then we have 

^{Yp^m^^Y_^-m-^^) + {2m + p+lMM_p,Np)-^{Y_^_^,Y^^^) = 0. 
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By (El, we get 

¥.(M_p,iVp) = 2¥;(Li,M_i), VpGZ. 

Therefore, 

ip{Mm,Nn) = 0, ^m,neZ. (3.16) 
By (ED, ip{[Lo,Mrn],Y^+i) + 'f{[Mrn,Y^^],Lo)+if{[Y^^,Lo],Mrn) = 0, we have 

(m + n+i)^(M„,F„^i) = 0. 

So (p{Mm, Yn+^) — m,n & Tj. Therefore 

^(M^, ) = ^(M„, F„^. ) - /([M„, = 0. 

By (El]), (^([Lo, A/p], AT,) + y,{[Np, Ng], Lq) + y^{[Ng, Lo],Np) = 0, we have 

ip + qMNp,N,) = 0. 

So ^(Arp,Arg) = ip{Nj„Ng) = 5p+9,o^(p), where ^(^p, A^.^) = k{p). Then by ([31]), 
(^([L_p_„ ATJ, AT,) + (^([ATp, AT,], + ip{[Ng, A^p) = 0, we get 

pk{q) = qk{p). 

Let 5' = 1, then A;(p) = pk{l). Set A;(l) = fc, then we have 

^(A^m, A^„) = k6m+n,om, W m,neZ. 

By (EH), <^([Lo,Ar^],y;+i) + <^([Ar^,F„+i],Lo) +v5([y;+i,Lo], Ar„) = 0, we have 

{m + n + ^MNm, = f{Lo, Y^^^^). 

Then 

^(Ar„,F„_,.) = ^(Ar^,r„+i)-/(y^+„+i) 

= (/?(A/'„„ ) , ^ , i V^(^0, >"m+n+i) 

2 m + n + ^ 2 
= 0, V m, n G Z. 

By (O, (^([Lo, y^+i], y„+i ) + v^([F„+| , Lo) + ^([y„+i , Lo], y^+i ) = O, we have 

{m + n + l)f(Y^+i,Y^^) = (m - n)v?(Lo, M„+„+i). (3.17) 
For m + n + 1 7^ 0, 

^(i;.+i,r„+i) = v{Y^^,Y^^)-f{[Y^^,Y^^]) 

= <^(>"™+i , V;+i) - (m - n)/(M^+„+i) 

in — 71 

= v{Y^+i,Y^+i) - ^^^^^ v{Lq^ M„+„+i). 

By f l3.17p . we have 

^(>;„+i,>;+i) = 0, m + n + l^Q. 
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On the other hand, for all m G Z, 

= v^(r„+i,r „_i)-(2m + l)/(Mo) 

= ^_i) + (2m+lMLi,M_i: 

,) = 0, VmeZ. 



By (13. 9p . we have 
So 



Therefore, ^ is determined by the following three 2-cocycles 



— m 



□ 



Remark 3.2. It is referred in [25] that so /ias three independent classes of central 
extensions given by the cocycles 

Here we prove in detail that has only three independent classes of central extensions. 

Let be a perfect Lie algebra, i.e., [g, g] = g. (g, vr) is called a central extension of g 
if TT : g — > g is a surjective homomorphism whose kernel lies in the center of the Lie 
algebra g. The pair (g, vr) is called a covering of g if g is perfect. A covering (g, vr) is 
a universal central extension of g if for every central extension (g', ip) of g there is a 
unique homomorphism ip : g — > g' for which (pip = vr. In [6], it is proved that every 
perfect Lie algebra has a universal central extension. 

Let St) =so0CCj^0CCiAr0CCAr be a vector space over the complex field C 
with a basis {L„, M„, Nn, Y^+i^ Cl, Cln, Cn \ n E Z} satisfying the following relations 

[Lmi Lri\ = {n — m)Lm+n + ^m+nfl 

[Nmi = n6m+n,oCN, 

[Lm, Nn] = nNm+n + 5m+n,o("^^ " rn)CLN, 

[Mm, Mn] = 0, [y^+i , = (m - n)Mm+n+l, 



[Nm,Mn]=2Mm+n, [iV„^, 1 ] = 1 , [M„, l^+i] 

[s\3, Cl] = [fv, Cln] = [sh, C^v] = 0, 
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for all m,n E "Z. Denote 

n&Z n& 

5 = 0CM„0cr„+., ns = H@s. 

They are all Lie subalgebras of st), where H is an infinite-dimensional Heisenberg 
algebra, QJir is the classical Virasoro algebra, Hyir is the twisted Heisenberg- Virasoro 
algebra, 5 is a two-step nilpotent Lie algebra and Tis is the semi-direct product of 
the Heisenberg algebra H and S. Then so is the semi-direct product of the twisted 
Heisenberg- Virasoro algebra Hyir and 5, where S is an ideal of so . 

Corollary 3.3. so is the universal covering algebra of the extended Schrddinger- 
Virasoro algebra SV. □ 

Set deg{CL) = deg{CLN) = deg{CN) = 0. Then there is a -Z-grading on sb by 

To = 0s'o. = (0s'o„) 0(0 sVi), 

nGZ nGZ ngZ 

where 

shn = span{Ln,Mn,Nn}, nEZ\{0}, 
sOo = span{Lo, Mq, A^o, Cl, Cln, Ctv}, 
S0„+i = span{Y^^}, V n G Z. 

Lemma 3.4. (cf. [T]) If g is a perfect Lie algebra and'g is a universal central extension 
of Q, then every derivation of q lifts to a derivation ofg. If g is centerless, the lift is 
unique and Der(g) = Der{g). □ 

It follows from Lemma 13.41 and Corollary 13.31 that 

DiCL) = D{Cln) = D{Cm) = 0, 
for all D G SO. Therefore, Der(so) = Inn{sb). 

4. The Universal Central Extension of so in the Category of Leibniz 

Algebras 

The concept of Leibniz algebra was first introduced by Jean-Louis Loday in [16] in 
his study of the so-called Leibniz homology as a noncommutative analog of Lie algebra 
homology. A vector space C equipped with a C-bilinear map [— , — ] : C x C C is 
called a Leibniz algebra if the following Leibniz identity satisfies 

[y,^]] = - yx,y,zeC. (4.1) 

Lie algebras are definitely Leibniz algebras. A Leibniz algebra £ is a Lie algebra if and 
only if [x, x] = for all x E C. 
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In [16], Jean-Louis Loday and Teimuraz Pirashvili established the concept of univer- 
sal enveloping algebras of Leibniz algebras and interpreted the Leibniz (co)homology 
HL^, (resp. HL*) as a Tor-functor (resp. Ext-functor). A bilinear C- valued form on 
C is called a Leibniz 2-cocycle if 

i^{x,[y,z\)=i){[x,y],z)-i){[x,z\,y), \/x,y,zeC. (4.2) 

Similar to the 2-cocycle on Lie algebras, a linear function f on £ can induce a Leibniz 
2-cocycle ipj, that is, 

V'/la;, y) = f{[x, y]), V x, y e C. 

Such a Leibniz 2-cocycle is called trival. The one-dimensional Leibniz central extension 
corresponding to a trivial Leibniz 2-cocycle is also trivial. 

In this section, we consider the universal central extension of the extended Schrodinger- 
Virasoro algebra so in the category of Leibniz algebras. 

Let be a Lie algebra. A bilinear form / : g — > C is called invariant if 

f{[x,y],z) = f{x,[y,z]), Vx,?/,zG0. (4.3) 
Proposition 4.1. There is no non-trivial invariant bilinear form on sv. 

Proof. Let / : SD x so — > C be an invariant bilinear form on SO. 

(1) For m 7^ 0, we have 

1 1 n 

fiLm, Ln) = f{[Lm, Lq], L„) = f{Lm, [Lq, L„]) = f{Lm, Ln) , 

m m m 

So 

f{Lm,Ln) = 0, m + n 0,m 0. 

Similarly, we have 

/(L^,iV„) = 0, f{Nm,Nr,)=0, m + ny^O,m^O. 
For n 7^ 0, we have 

/(Lo, L„) = i/(Lo, [Lo, L„]) = l/([Lo, Lq], L„) = 0, 

f{L„n, Ln) = —f{[L_2n, Ln], Ln) = — /(L_2„, [Ln, Ln]) = 0, 

Similarly, we can get 

/(LO, Nn) = 0, /(ATo, Nn) = 0, /(L_„, Nn) = 0, fiN_n, Nn) = 0. 

On the other hand, 

/(Lo,Lo) = ^/([L_i,Li],Lo) = ^/(L_i, [L,,Lo]) = -]^f{L^i,L^) = 0. 

f{Lo,N,) = ^/([L_i,Li],Aro) = l/(L_i, [Li, A^o]) = 0. 
/(A^o, A^o) = /([L_i, A^i], A^o) = /(^-i, [A^i, A^o]) = 0. 
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Therefore, 

/(L^,iV„)=0, /(iV^,iV„) = 0, /(L^,L„) = 0, Vm,nGZ. 
Similarly, we obtain 

f{L^,Mn) = 0, f{Mm,Mn) = 0, 771,71 eZ. 

(2) For all m, n G Z, we have 

1 1 TTl 

f{Lm,Y^^) = -—jf{L^, [Lo,Y^^]) = -—jf{[L^,Lo],Y^^) = -^/(L^, l^+i ). 

TTl ~\- Tl ~\- — 

Then j— ^/(L^, ) = 0. Obviously, /(Lm,^„+i) = for all m, n G Z. 

n+ 2 2 2 

(3) For all m, n G Z, we have 

/(iV^, M„) = [iVo, M„]) = ^/([iV„, iVo], M„) = 0, 

/(iv^,y„+i) = /(iv„, [iVo,y„+i]) = /([iv^,iVo],F„+i) = o, 

^ 71+ ^ ^ + t 

771 — 71 

= --rj{Lo,Mm+n+i) = 0. 

□ 



Remark 4.2. /n /act, is enough to check that Proposition \4.1\ holds for the set of 
generators {-L_2, -^-i, Li, L2, Ni, Yi}. By the proof of Proposition 4jJ_, we can see that 
the process of the computation is independent of the symmetry of the bilinear form. 
Similar to the method in section 4 in [9J, we can deduce that 

where HL'^{sQ,C) is the second Leibniz cohomology group of so. That is to say, the 
universal central extension of st) in the category of Leibniz algebras is the same as that 
in the category of Lie algebras. 

5. The Automorphism Group of so 

Denote by Aut{s\j) and X the automorphism group and the inner automorphism 
group of SD respectively. Obviously, X is generated by exp(fcadMm+/ady„^i ), m, n G Z, 
k,leC. 

For convenience, denote 

L = span{Ln |n G Z}, = span{Nn \n G Z}, 
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M = span{Mn \n G Z}, Y = span{Y^_^_i \n G Z}. 

Lemma 5.1. Let a G Aut{st>), then 

a{Mn) G M, (7(y„+i) G M + y, (7(A^„) G M + F + A^, 
/or all n & Ia. In particular, 

q t 

i=p j=s 

for some Cj, bj G C and p, q,s,t E Z. 

Proof. Let / be a nontrivial ideal of 50. Then / is a Lo-module. Since the decomposition 
of eigenvalue subspace of Lq is in concordance with the -Z-grading of SO, we have 

neZ neZ 

Hence, there exists some n G Z such that aL„ + hM^ + cN^ & I or l^+i G /, where 
a, 6, c G C and not all zero. If aL„ + 6M„ + cN^ G /, then 

[aLn + bMn + cNn, Mo] = 2cM„ G /, [aL„ + 6M„ + cN^, No] = -26M„ G /. 

li b — c — 0, then a 7^ and L„ G I. But [-L„,so] = io for any n G Z, then we 
have / = 50, a contradiction. So 6 7^ or c 7^ 0. Therefore, M„ G /, and we have 
aLn + cNn G /. Since [aL„ + ciV„, iVi] = aNn+i G /, we get A^„+i G / if a 7^ 0. 

(1) If there exists some M„ G /, by the fact that [A^m-n, Mn] — '2.Mm for all m G Z, 
wc obtain M <0 I. 

(2) If there exists some iV„ G / and n 7^ 0, then iV C / since iV„] = uNm G / 
for all m G Z. On the other hand, we have 

[No, MJ = 2M„, [iVo, = , 

for all m G Z. So M C /, F C /, and therefore iV M F C /. 

If No G /, according to the proof above, we have M <0 I^Y G I. In addition, 
[L,No] = and [N,No] = 0, so CA^o0M0F C /. 

(3) If there exists some € we have Y C I since [iV^_„, = ^m+l 

m E Tj. Moreover, [y^^i,yi] = mM^+i for all m G Z and [yi+i , y_i_,_i] = 2Mi, so 
MCI. 

Set 3^ = M, 3^ = M0r, 3^ = M^CNq^Y, 3^ = M0 N^Y. Then / = 
for some k = 1,2, 3, 4. Obviously, and J^. both have infinite-dimensional center M, 
while the center of 3^ and 3^ are zero, i.e., 

C(aO = C{3,) = M, C{3,) = C{3,) = 0. 

For any a G Aut{si3), a{I) is still a non-trivial ideal of so and cr(C(/)) = C{a{I)). 
Then 

(T(ai)=aj, i,j = l,2; cT(Jfc) = A;,/ = 3, 4. 
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If cr(Ui) = then for every m G Z, there exists unique Xm = J2^miMm^ G such 
that a{xm) = ^m+i- Then (m — n)Mm+n+i = for all m,n E 'Z, which is impossible. 
Therefore, 

Moreover, we obtain 

a{Mn) G M, (t(F„+i) eM + Y. (5.1) 

Assume that 

a{No) = J2 ('iMi + J2 bjN, + J2 Cfc^fc+I' 
where ai,bj,Ck G C. According to (15.11) . cr(Mo) G M. So there exist some /(m) G C* 
such that (t(Mo) = E f{m)Mra. By (T[iVo, Mq] = [(T(iVo), ^(Afo)], we get 

5^/(m)M„ = 5^6,/(m)M^+,-. (5.2) 

m m,j 

Set p = min{m G Z|/(m) 7^ 0}, g = max{m G Z|/(m) 7^ 0}. If j 7^ 0, we have 

p + j < p if j < 0; (resp. q + j > q if j > 0). 

By (15. 2p . it is easy to see that hjf{p) = ( resp. bjf{q) = 0). So bj = for all j 7^ 0. 
Then by (15.21) . bo = 1. Therefore, 



This forces that a(3k) = 3ffc, k = 3,4. □ 
Lemma 5.2. For any a G Aut{sX)), there exist some -k El and e G {±1} snc/i that 

a{Ln) = a^'eL.r, + a'^XN,^, (5.3) 
a{N^) = a^Kn, (5.4) 

a(M„) = ed2a"-iM,(„_2A), (5.5) 

(7(y;+i) = da"r,(„+i_,), (5.6) 

where a = 7r~^a,X E Z anc? a, d G C*. Conversely, if a is a linear operator on SD 
satisfying / I5. 3\) - l[57^) for some e E {±1}, A G Z and a,d E C* , then a E Auti^sio). 

Proof. By Lemma EH for all a E Aut{s\}), (7{Nq) = ^ ajMj + A^o+ X] ^3^j+- ^^^^ some 

i=p j=s ^ 

Oi, bj E C and p, q,s,t E Z. Let 

t q t . . 

TT = ]^exp(-6jadYj_,.i) ]^ea;p(-^adMj) Y[ expC—^bibjudMi+j+i) E I, 

j=s i=p 

then we can deduce that a{No) = tt{Nq), that is, 

n-'a{No) = No. 
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Set a = TT-V. By [iVo,a(L^)] = [iVo, a(iV^)] = and [No,a{Y^^)] = a(F^+i) for all 
m e Z, we get 

a(Lm)eL + N, a{N^)eN, a{Y^^) eY. 

For any a G Aut{s\j), denote ct|l = o''. By the automorphisms of the classical Witt 
algebra, (r'{Lm) = ea"^L^rn for all m e Z, where a e C* and e e {±1}- Assume that 

a(Lo) = eLo + ^ AiTVi, = a'^eL,^ + a" ^ A(ni)7V„,, n 7^ 0, 

where each formula is of finite terms and iJ^irij), fi^r), h{nt + |) € C*, A(i), A(ni) e C. 
From [(t(Lo), a(Mm)] = ma{Mjn), we have 

emrf{mr)Mm, + 2 E Xif{mr)Mi+mr = XI fi'^r)Mm,. 

This forces that Aj = for i 7^ and em^ + 2Ao = m. So = e(m — 2Ao) and 

a{Lo) = eLo + X^No, a(M„) = a"/(e(n - 2Ao))M,(„_2Ao), 
for all n e Z. From [o-(L„), a-(Mo)] = 0, we get 

-2eAo- 

Then rii = en and Aen = Aq for all n G Z. Therefore, 

a-(L„) = a"eLg„ + a^Ao-ZV^n, for all n G Z. 

Since [a'(Lo), ^(-/Vn)] = ^^(-^n), we have X](e7T'j — n)^{nj)Nn^ — 0. Obviously, = en 
and 

for all n where //(O) = 1. Comparing the coefficients of on the both sides 

of [o-(Lo), = (n + |)a-(y„^i), we obtain rij + | = e(n + | - Aq), which implies 

that Ao G Z. So' 

a(y„+i) = a"/i(e(n + ^ - Ao))F,(„+i_Ao), for all n G Z. 
By [a{N^),a{M^)] = 2a(M„+„), we get 

^l{en)f{e{m - 2Ao)) = /(e(m + n - 2Ao)). 
Letting m — 2Ao, we obtain 

/(en) = /(0)//(en). 

By the coefficients of 1.^^) on the both sides of [a(iV^), o-(y;+i )] = a(r^+„+i ), 

we have 

/i(e(m + -)) =/x(em)/i(J). 
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Similarly, comparing the coefficients of N^(^m+n) on the both sides of [(t(L„), a{Nm)] = ma{Nm+n), 
we have mfi^ern) = mfi{e{m + n)) for all m,n E Z. Then 

/i(em) = /i(0) = 1, 

for all m G Z. Therefore, 

/(em) = /(0), h{e{m + ^)) = hC-). 

Finally, we deduce that e/i(|)^ = a/(0) by comparing the coefficient of M^(^m+n+i-2Xo) 
on the both sides of [a(Y^^i),d-(Y^_^i)] = (m — n)d'{Mm+n+i)- Let d = then 
/(O) = ea'^d"^. Therefore, 

a(M„) = erf2a"-iM,(„_2Ao), = da"F,(„+i_,„). 

It is easy to check the converse part of the theorem. 

□ 

Denote by (T(e, A, a, d) the automorphism of satisfying fl5.3p -( l5^ . then 

e2~l C2A2 

a-(ei, Ai, ai, (ii)a-(e2, A2, 02, (i2) = o-(eie2, e2Ai + A2, ai^a2, (ii(i2ai ^ ^), (5.7) 

and (T(ei, Ai, ai, (ii) = (T(e2, A2, CI2, (^2) if and only if ei = 62, Ai = A2,ai = a2,di = d2. 
Let 

7f, = a(e,0, 1, 1), o-A = (1,A,1,1), = {1,0, a, d) 

and 

a = {tt, I e = ±1}, t={aA|AGZ}, b = {a,, J a, d G C*}. 
By ( 15. 7p . we have the following relations: 

a{e. A, a, (i) = a{e, 0, 1, A, 1, 1)(t(1, 0, a, d) G otb, 

0"(e, A, a, d)^^ = a{e, — eA, a"", d~^a~^ •^), 

'^£1^62 ^eie2' ^\\^\2 ^Ai+A2) ^a\,d\^a2,d2 ^aia2,ciirf2 ' 

Hence, the following lemma holds. 

Lemma 5.3. a, t and b are all subgroups of Aut{s\3) and 

Aut{sh) = J >3 ((a X t) K b), 
wherea = Z2 = {±l},t=Z, b = C* xC*. □ 
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Let C°° = {{ai)i^z | G C, all but a finite of the are zero }, 2c a subgroup of 
T generated by {exp(A;adM„) | n G Z, G C} and X = T/Iq the quotient group of X. 
Then C°° is an abelian group and Xq is an abelian normal subgroup of X. As a matter 
of fact, Xc is the center of the group X. 

Note (adM,)2 = (adY^.+ i)^ = adMiadY^._^i = adYj._^iadMi = for all i,j G Z, then 

exp{aadMi) = 1 + aadMj, 

exp(/?adF^.+ i) = 1 + /?adFj.+ i + ^p\adY^^f, 

exp{aa.dMi)exp{Pa.dYj^i) = exj9(/?adY^_|_i ) + aadMj, 
for all a, f3 G C. Furthermore, we get 

exp{b^,adY^^^)exp{bmMyrn2+^) " " " ea;p(6„^,adF^^+i ) 

t t ^2 

= 1 + XI ^m,adF„^+i + X ^(adF„^+i )2 + ^ 6„^6„^,adr„^+iadF„^,+i 

k=X k=l l<i<j<t 

* 1 

= exp(X6„,adF^^+i) + - ^ 6„,6^^.(adF„^+iady^^.+ i - adr„^.+ iadF„^+i) 

fc=l X<i<j<t 
t 

= exp(2_]&mfcady„^+i) + 2^ — ^6„,6^^,adM„^+„.+i 

k=l l<i<j<t 
t 

= expC^bmM'>^7n,+^)exp{ — ^6^^6^^,adM„^+„^,+i), 

fe=l l<i<j<t 

for all G Z, ftm^, G C, 1 < /c < t. Therefore, 

ea;p(6„,ady^^+i)exp(6„2adF„^+i) ■ ■ ■ exp(6„,adF„^+i)Jc = exp(X 6„,adF^^+i )Xc. 

k=l 

(5.8) 

Lemma 5.4. and X are isomorphic to C°°. 
Proof. Define / : Xc — > C°° by 

s 

f(Y[exp{ak,adMkJ) = (ap)pgz, 
where Ofc. = ctfe. for 1 < z < s, and the others are zero, fcj G Z and ki < k2 < ■ ■ ■ < kg. 

s 

Since every element of Xc has the unique form of Yl ^xp{aki3.dMk^) , it is easy to check 

i=l 

that / is an isomorphism of group. 

Similar to the proof above, we have X = C°° via (15. 8p . □ 
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Theorem 5.5. Aut{sh) = (Xc xX) x ((a k t) k b) ^ (C°° x C°°) x ((Z2 k Z) x (C* x C*)). 

□ 

Lemma 5.6. (cf. [5T]) Let g be a perfect Lie algebra and letg be its universal covering 
algebra of g. Then every automorphism a of g admits a unique extension a to an 
automorphism ofg. Furthermore, the map a a is a group monomorphism. 

We will use Lemma [5.61 to obtain all the automorphisms of from those of SD. 
For a perfect Lie algebra g, its universal covering algebra is constucted as follows in 
121]. Let 1/ = A^fl/J, where 

J = span{x A[y, z] + y A [z, x] + z A [x, y] \ x,y,z E g} 

is a subspace of A^g. Then there is a natural Lie algebra structure in the space 
= 0©^ with the following bracket 

[x + u,y + v] = [x,y] + X y y, 

for all x,y E g,u,v E V, where x V y is the image of x A ?/ in under the canonical 
morphism A^g — > V. Then the derived algebra g = [g, g] of g is the universal central 
extension of g. In face, given x G g there exists c E V such that x + c G g. Then the 
canonical map g — > g is onto with kernel c G V and the resulting central extension 

{0}-^c-^g-^g— ^{0} 

of g is universal in the sense that there exists a unique morphism from it into any other 
given central extension of g. 

For any 9 G Aut{g), 9 induces an automorphism 9v of V via 

9vixyy) = 9{x)y9{y), 

for all x,y E g. Obviously, 9 extends to an automorphism 9^ of g by 

9,{x + v) =9{x) + 9v{v), 

for all X G g,f G V. By restriction, 9^ induces an automorphism 9 of g. 

In the following section, we will describe the automorphism group of the universal 
central extension of so using the above method. Firstly, we have the following lemmas. 
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Lemma 5.7. InV = A^(3D)/J, we have the following relations for all m,n E Z : 

n — m 

Ln = ■ — Lq V Lm+n, m + u =^ 0; 

m + n 

nr" — m 
Lm V L_m = L2 V L_2; 

D 

71 

Lm V = ■ — Lq V A^m+n, m + n^O; 

m + n 

jYl'^ -|- jYi 

Lm V N_m = ^ (Li V Ar_i + L_i V A^i) - mL_i V A^i; 



L„ V M„ = -A^o V Mm+n] Lm V F„+ 1 = (n + -^)No V 1 ; 

Ar„ V Ar„ = m5m+nflNi V Ar_i; A^^ V M„ = A^o V M^+„; A^^ V Y^.. = N^y ym+n+^-\ 



m — n 

MmV Mn = Mmy Y^^. = 0; V y„+i = A^o V M„+„+i. 

2 2 2 ^ 



Using Lemma [5.71 we have the following result. 

Lemma 5.8. The universal central extension o/sD, denoted by s\3, has a basis 
{L^, M^, N^, Y' 1, Cl, Cln, Cn \ n E Z} with the following products: 



— m 



[L'mi L'r] — {n — m)L'^_|_„ + 5m+nfi C*. 



where 



[^m> N'n] = n6m+n,oCN, 
[L'm, K] = ^^'m+n + ^m+n,o(^^ " n)CLN, 

[Mi, m;] = 0, [r ,^1 , r+i] = {m- n)M;^„^„ 

[Li, M'i = uMi^^, [Li, J = {n + , 

[Ni,M'i^ = 2Mi^^, [Ar;,r^j = r_^„^,, [M;,r^j = o, 

[so, Cl] = [so, Cln] = [sh, C^v] = 0, 

4 = Lo, Ar^ = ATo + L^iVATi; 

Li = Lm + -Loy Lm, Ni = Nm + -LoVNm, m^O; 
m m 

M; = M„ + iAroVM„, =F„+i+AroVy;+i, nGZ; 

^ 2^2 

Cl = 2L2VL_2, Ci;v = ^(^1 VAr_i + L_i VA^i), Cjv = Ar_i V A^i. 



□ 



□ 
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Lemma 5.9. For any 9 G Aut{5\:i)/X, we have 



e{L'J = a^eL[^ + a"AiV;„ - A5„,oCi^ + ^-XH^^^.C^, (5.9) 

~9{K) = a^K^ + (e - l)5n,,CLN + eA(5„,oC^, (5.10) 
^~(M;)=6rfV-iM;(„_2,), (5.11) 

~e{CL) = tCL, ~e{CLN) = eCLN, OiCr,) = eC^, (5.13) 
for all n G Z, where e G {±1}, A G Z, a, c/ G C*. Conversely, if 6 is a linear operator 
on sh satisfying / (5. gj) -/ f3T7^) /or some e G {±1}, A G Z, a, G C*, then 6 G AMt(st)). 

□ 

From the above lemmas and Theorem 15.51 we obtain the last main theorem. 
Theorem 5.10. Aut{sh) = Aut{sh). 
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